This paper presents a Gaussian Quadrature method for the evaluation of the triple integral R R T R f ðx; y; zÞ dx dy dz, where f ðx; y; zÞ is an analytic function in x, y, z and T refers to the standard tetrahedral region: fðx; y; zÞ 0 6 x; y; z 6 j 1; x þ y þ z 6 1g: in three space ðx; y; zÞ. Mathematical transformation from ðx; y; zÞ space to ðU ; V ; W Þ space map the standard tetrahedron T in ðx; y; zÞ space to a standard 1-cube: fðU ; V ; W Þ=0 6 U ; V ; W 6 1g in ðU ; V ; W Þ space. Then we use the product of Gauss Legendre and Gauss Jacobi weight coefficients and abscissas to arrive at an efficient quadrature rule over the standard tetrahedral region T. We have then demonstrated the application of the derived quadrature rules by considering the evaluation of some typical triple integrals over the region T.
Introduction
In recent years, we have been witnessing finite element method (FEM) gaining importance due to the most obvious reason that it can provide solutions to many complicated problems that would be intractable by other numerical techniques [1, 2] . In FEM it may be possible to perform some of the integration analytically, particularly if constant or linear elements are used to discretise the surface or boundary curve of the given region. However, with higher order elements or for more complex distorted elements the integrals become too complicated for analytical integration and the numerical integration is essential, among various integration schemes, Gauss Legendre quadrature which can evaluate exactly the (2n À 1)th order polynomial with n-Gaussian points is most commonly used in view of the accuracy and efficiency of calculations [3] . The triangular and tetrahedral elements are very widely used in finite element analysis. The versatility of these elements can be further enhanced by improved numerical integration schemes. Mathematically, the problem can be defined as the evaluation of the following integrals
where L 1 ; L 2 ; L 3 are the well known area co-ordinates and
where L 1 ; L 2 ; L 3 ; L 4 are the well known volume co-ordinates. The basic problem of integrating an arbitrary function of two variables over the surface of the triangle were first given by Hammer et al. [4] and Hammer and Stroud [5, 6] . Cowper [7] provided a table of Gaussian quadrature formulae with symmetrically placed integration points. Lyness and Jespersen [8] made an elaborate study of symmetric quadrature rules by formulating the problem in polar co-ordinates. Lannoy [9] discussed the symmetric 4-point integration formula, which is presented in [7] . Laurie [10] derived a 7-point integration rule and discussed the numerical error in integrating some functions. Laursen and Gellert [11] gave a table of symmetric integration formulae up to a precision of degree ten. Dunavant [12] presented some extensions to the integration formulae given by Lyness and Jespersen [8] and also gave tables of integration formulae with precisions of degree from 11 to 20. Sylvester [13] derived some numerical integration formulae for triangles as product of one-dimensional Newton Cotes rules of closed type as well as open type. The precision of these integration formulae is limited to a degree ten atmost for various reasons. Lether [14] and Hillion [15] derived the formulae for triangles as product of one-dimensional Gauss Legendre and Gauss Jacobi quadrature rules. The precision of these formulae is again up to degree seven. This is because the zeros and weight coefficients of Gauss Jacobi orthogonal polynomials with weight functions x; x 2 ; x 3 were available for polynomials of degree up to six only. Even today the zeros and weights for the integral R 1 0 x r f ðxÞ dx; r ¼ 0; 1; 2 are not available beyond a formula of order-eight as documented in Abramowicz and Stegun [16] . Reddy [17] and Reddy and Shippy [18] derived the 3-point, 4-point, 6-point and 7-point rules of precision 3, 4, 6 and 7, respectively which gave improved accuracy. Since the precision of all the formulae derived by the authors [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] is limited to a precision of degree ten and it is not likely that the techniques can be extended much further to give a greater accuracy which may be demanded in future, Lague and Baldur [19] proposed the product formulae based only on the sampling points and weight coefficients of Gauss Legendre quadrature rules. By the proposed method of [19] this restriction is removed and one can now obtain numerical integration rules of very high degree of precision as the derivation now rely on standard Gauss Legendre Quadarature rules. However, the Lague and Baldur [19] have not worked out explicit weight coefficients and sampling points for application to integrals over a triangular surface. Rathod et al. [20] [21] [22] provided this information in a systematic manner in their recent work. For tetrahedral regions, four volume coordinates L 1 ; L 2 ; L 3 ; L 4 are involved and we have to compute numerically the integral III stated in Eq. (2). Numerical integration formulae for III with a degree of precision d = 1,2,3 are listed in Zienkiewicz [1] and these are based on reference [4] . Rathod et al. [23] proposed product formulae based on Gauss Legendre quadrature Rule for the numerical integration of an arbitrary function over the standard tetrahedron. In this paper, we propose the product rule based on Gauss Legendre-Gauss Jacobi quadrature rules which has a higher precision than our earlier work [23] , and are based on zeros and weight coefficients of the Gauss Legendre-Gauss Jacobi quadrature rules R 1 0 x r UðxÞ dx; r ¼ 0; 1; 2.
Gauss quadrature formulas
Given any n distinct points
and weight function wðxÞ which is positive and integrable on the interval [À1,1], we can find constants A 1 ; A 2 ; . . . ; A n so that the formula
is exact (that is Eðf ÞÞ ¼ 0) whenever f ðxÞ is a polynomial of degree 6 ðn À 1Þ. But it was Gauss [24] who proved that for a certain special choice of x 1 ; x 2 ; . . . ; x n , we can find A 1 ; A 2 ; . . . ; A n so that the formula (4) has degree of exactness equal to ð2n À 1Þ, (i.e., Eðf ÞÞ ¼ 0 if f is a polynomial of degree 6 ð2n À 1ÞÞ. Let wðxÞ ¼ ð1 À xÞ a ð1 þ xÞ b ; ða; b > À1Þ be the weight functions. These weight functions are known as Jacobi weights and the corresponding orthogonal polynomials are known as Jacobi polynomials P ða;bÞ n ðxÞ. Let x 1 ; x 2 ; . . . ; x n be the zeros of the nth degree Jacobi Polynomials P ða;bÞ n ðxÞ. It is well known (see [25, p. 349] ) that the corresponding Gaussian Quadrature formula is given by
where A ða;bÞ k
ð1 À xÞ a ð1 þ xÞ b P ða;bÞ n ðxÞ ¼ ðÀ1Þ
In this paper, we need integrals over (0, 1), and hence we shall refer to the Gauss Jacobi rules derived in Villadsen and Michelson [26] , though it is possible for us to derive these from the formulas quoted in Eqs. (5)- (7). The formulas can be very systematically generated from [26] as given in the following: 
We shall now present the special case of formulas of Eq. (8) for a = 0. This gives us the following Gauss Jacobi quadrature rules (a = 0, b = 0, refers to the Gauss Legendre quadrature rule over (0,1)): 
where
If necessary, one can find the abscissas and weight coefficients for higher order rules by the procedure outlined in Eqs. (12)- (16) and computer programs already available in [26] .
Formulation of integrals over a tetrahedron
The finite element method for three-dimensional problems with tetrahedron element requires the numerical integration of expressions containing product of shape functions and their global derivatives over a standard tetrahedron T with coordinates (0, 0, 0), (1, 0, 0), (0, 1, 0) and (0, 0, 1) in the natural coordinate space (x; y; zÞ say. The numerical integration of an arbitrary function f, over the tetrahedron T is given by 
It is now required to find the value of the integral by a quadrature formula:
where c m are the weights associated with the sampling points ðx m ; y m ; z m Þ and N is the number of pivotal points related to the required precision. The integral I of Eq. (17) can be transformed into an integral over the cube: fðu; v; wÞj0 6 u; v; w 6 1g by the substitution
Then the determinant of the Jacobian and the differential volume are: 
In Eq. (21), let us substitute
so that, we then obtain:
Eq. (23) represents an integral over the standard 1-cube: fðU ; V ; W Þ 0 6 U ; V ; W 6 1g j : We shall now use the Gauss Legendre-Gauss Jacobi Quadrature rules described in the previous Section 2 and developed in Eqs. (12)- (16) 
Some numerical results
We consider some typical integrals with known exact values Example 1. Let us consider the following multiple integrals which are generalised to three-dimensions from Reddy and Shippy [18] .
Example 2. We now consider the following multiple integrals from Stroud [6] .
sinðx þ 2y þ 4zÞ dz dy dx ¼ 0:131902326890181;
We have tabulated the numerical values for I 1 ; I 2 and I 3 of Examples 1 and I 4 and I 5 of Examples 2, in Tables 1 and 2 respectively. 
Conclusions
In this paper we have derived Gaussian Quadrature method for the evaluation of the triple integral R R T R f ðx; y; zÞ dx dy dz, where f ðx; y; zÞ is an analytic function in x; y; z and T refers to the standard tetrahedral region: fðx; y; zÞ 0 6 x; y; z 6 1; x þ y þ z 6 1g j . in three space ðx; y; zÞ. Mathematical transformation from ðx; y; zÞ space to ðU ; V ; W Þ space map the standard tetrahedron T in ðx; y; zÞ space to a standard 1-cube: fðU ; V ; W Þ=0 6 U ; V ; W 6 1g in ðU ; V ; W Þ space. Then we use the product of Gauss Legendre and Gauss Jacobi weight coefficients and abscissas to arrive at an efficient quadrature rule over the standard tetrahedral region T. We have then demonstrated the application of the derived quadrature rules by considering the evaluation of some typical triple integrals over the region T.
